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ACT

A class of nonparametric two-sample tests for testing identity of dis-
tions versus alternatives containing both location and scale parame-
is proposed. The asymptotic distribution of the statistics of the

is given under both the hypothesis and a contiguous sequence of al-
tives. Some asymptotic optimality properties are deduced for particu-

ests of the class and finally, the asymptotic efficiency is found.

1is work is part of the author's Ph.D. dissertation written at the
1iversité de Montréal under the direction of Professor Constance van
:xden and it was partially supported by the National Research Council
I Canada under Grant No.A-8555. The manuscript was completed while

1e author was holding a postdoctoral fellowship from the National Re-
:arch Council of Canada and visiting the Mathematisch Centrum, Amster-—
m. The paper is not for review; it is meant for publication in a
urnal.

1iversité de Montréal; temporarily: Mathematisch Centrum, Amsterdam,
1e Netherlands.







‘TRODUCTION

The purpose of this paper is to propose and study a class of nonpara-
c two-sample tests for testing the null hypothesis of randomness ver-
lternatives containing both location and scale parameters. In section
e statistics of the class are defined by a quadratic combination of
inear rank statistics.

Section 3 contains the asymptotic distribution of the statistics of
lass under both the null hypothesis and a contiguous sequence of al-
tives. In section 4, it is proved that the asymptotically maximin
powerful test belongs to the proposed class. Finally, the asymptotic
iency of the tests of the class relative to the asymptotically maxi-

ost powerful test is given in section 5.

E CLASS OF TESTS

Let (mv,mv),v =1,2,..., be a sequence of pairs of positive integers
that Nv =m + m > when v -+ «, For each v, consider a sequence of
m variables Xv essX

¢

1o VNv and denote by Rvi the rank of Xvi among

va

Suppose that under Hv’ the random variables X R ¢ are indepen-

vl’ wN
. . . . . . . Vo, .
y and identicallydistributed according to a continuous distribution and

under the alternatives, the joint density of le,...,X is given by

va
™y -c, -C . Nv
_ vi vi_
q, = -ﬂ e f(e X dvi) ' n f(xi)

1=1 i=m +1

v
-} -
coi = Al(mvnv/Nv) and dvi = AZ(mvnv/Nv) . 1—1,...,mv, where

2) € R” and a known density f in the class C of absolutely continuous
ty functions on IR such that
1 1
2 2
I(f) = ¢ (u,f)du < and Il(f) = ¢l(u,f)du < o,
0 0

8

if F(x) is the distribution function corresponding to f(x),




v ool _ N
2.3)  ¢(u,f) = - E—JEET-Qill and ¢, (u,£) = =1 = F L u) fLﬁﬁ}T—Qill L0 <u< 1.
£F () £(F ! (u))

Define for k = 1,2, the linear rank statistics
m
v
2.4) S = izl a (R .),

here avk(l),...,avk(Nv) are the values of a score function avk(-). Fur-

her, let
N
m v
2.5) o, =ES  |H)==> 7 a (i) =ma
) vk k'"v N vk v vk
v i=1
nd
N
2 mvnv Y ey = 2
2.6) Ok = Var(SkaHv) = ﬁ;?ﬁ;:TT izl (avk(l)—avk) .

inally, the class of statistics that we will consider is of the form

2.7) U =

% Svk_uvk 2
v _ .

k=1 %k

t should be noted that if avl(i) = i1 and avz(i) = (Nv+1)/2—|i—(N +])/2|,
=1""’Nv’ the statistics Uv reduce to the combined Wilcoxon and Ansari-

radley statistics studied by LEPAGE (1971).

» ASYMPTOTIC DISTRIBUTION

A sequence of score functions av(-),v =1,2,..., is said to be gene-
ited by a real valued function ¢(u), 0 < u < 1, if
1 1 1
(1) J ¢2(u) du < » and J (¢(u)—6)2 du > 0 where 5 = J ¢(u) du
0 0 0
d,

V>

1
(ii) lim J (av(1+[qu]) - ¢(u))2du = 0 with [qu] denoting the largest
0




~ integer not exceeding uN_ .

condition will be needed to obtain the asymptotic distributi

d q, of the statistics Uv given by (2.7).

em 3.1. Suppose that for k=1,2, the sequence of score funct
Y,v =1,2,..., 8 generated by ¢k(u), 0 <uc< 1, with

1

J (9, (u)=$,) (9, (u)=¢,)du = 0.

0
under Hv’ ‘the statistics Uv are, for min(mv,nv) +> » phen v

totically x2 - distributed with 2 degrees of freedom.
m

N~

2 ) _
. Let (A],Kz) e R™ - {(0,0)} and define Tv = a (Rvi) whe

i=1

""’Nv’ av(l) = Avl av](l) + sz av2(1) with

N
v

I Ty 243
A=A ( ) iZl(a\)k(l) a )%,

. From HAJEK & SIDAK (1967), p.163, it follows that under Hv

2,..2

stics Tv are asymptotically normal (0,A +A2) and consequentl

1
is complete. [

em 3.2. Suppose that for k=1,2, the sequence of score funct
),v = 1,2,..., 18 generated by ¢k(u), 0 <u< 1, with relatt
fied. Then, under q,s the statistics Uv are, for él £ 0 and
o’nv) + » when v » » asymptotically noncentral x - distrib
rees of freedom and non-centrality parameter

1 1
][<£ ¢k<“)<Az¢(“’f)+A1¢1<“’f>>d“)2/£ OSSN

O
N

|
[ e B V]

k

. Consider the statistics Tv defined in the proof of theorem

theorem 5.1 of LEPAGE (1973b), one can deduce that under q,»

s Tv are asymptotically normal (uv,xf+kg) where




3.4) o= ) DA (] ¢, (u) (A, ¢Cu,£)+A ¢, (u,£))du)” / '=¢, ) dul.
. v . k k 2 171 k
k=1
: 0 0
onsequently, the proof follows. [
. ASYMPTOTIC OPTIMALITY
Let Cl be the class of density functions of C such that
1
4.1) J ¢(u,f)¢](u,f)du = 0,
0
t should be observed that if f ¢ C is symmetric with respect le ori-
in, then f € Cl' Further, define the alternatives Kv(b)’ b > ' the
oint density q, given by (2.1) with f ¢ C], Al # 0 and
4.2) 22 1(e) + a7 1) = b2
In the next theorem, an asymptotically optimal test for sus Kv(b)
ill be found in the class U given by (2.7). The (l-a)-quant the
Z—dlstrlbutlon with k degrees of freedom will be denoted xi e
(-,6 ) will represent the distribution functlon of the non- 1 xz—
Lstrlbutlon with non-centrality parameter 6 and k degrees o dom.
1eorem 4.1. Suppose that min(mv,nv) + » gnd that for k=1,2 quence
F score functions avk(-),v = 1,2,..., are generated by ¢(u,£ ¢1(u,f),
< u < 1, respectively. Then, the test based on v, with crit egion
, 2
+.3) Uv > XZ,a
s an asymptotically maximin most powerful test for H versus at

wel a. Furthermore, the asymptotic power is given by

‘ 2 2
t.4) 1 - FZ(XZ,a’b ).




. The fact that the asymptotic power of the U -test equals
(X2 b ) follows immediately from theorem 3. 2 Consequently, if
Kv(b)) denotes the power of the maximin most powerful test (among

ests), it remains to prove that

. 2 2
lim B(Q’HvsKv(b)) =1 FZ(XZ,a’b ).

V>0
Suppose that (4.5) does not hold. Thus, passing to a subsequence if

sary, we may assume that

. 2. 2
lim B(a,Hv,Kv(b)) > 1 - Fz(Xz,a’b ).

>0

troducing the random variables

N—

) < S @wents () (1,(N7F s
gvl " \mn )/ vl ? o2 T \ 1 v2

A"V AVERY)

he constants

1 1
_ 3 — z
6, = 8,(1(£)) > 9, A](Il(f))
an, in view of theorem 4.1 of LEPAGE (1973b), proceed in a similar
s HAJEK & SIDAK (1967), p.256-258, and contradict corollary 1 of

E (1973a).

lary 4.1. Under the hypothesis of theorem 4.1, the test based on U,
eritical region (4.3) is an asymptotically uniformly maximin most

ful test for H versus U K (b) at level a.
\Y] b>0 v

. In view of relation (4.4) and the definition of uniformly maximin
sowerful tests (see HAJEK & SIDAK (1967),p.29), the result is imme-
. O

lary 4.2. In theorem 4.1 and corollary 4.1, the densities q, gtven
.1) can be replaced by




v -1 -1 -1
4.9) q; = iE] exp(—Al(mvnV/Nv) )f(exp(—Al(mvnv/Nv) )(xi_AZ(mvnv/Nv) )
N
v
m f(x.).
i=m +1 L
v

roof . In view of corollary 5.1 of LEPAGE (1973b), the proof of theorem

.1 still holds and consequently, corollary 4.1 also. [J

>rollary 4.3. In theorem 4.1 and corollary 4.1, the densities q, given

/1 (2.1) can be replaced by

m
-1 -1 -1
) = - 2 __ —_ 2 _ - 2
+.10) qv,w = I exp( Al(mvnv/Nv) w) £ (exp( A](mvnv/Nv) w)xi AZ(mvnv/Nv)
N
v - -
m e f(e "x.)
. i
1=mv+l

lere w € R 7s unknown. Furthermore, the test based on Uv with critical
:gton given by (4.3) is then an asymptotically uniformly maximin most

werful o level test for H versus U K (b).
v waR Y

‘oof . In view of corollary 5.2 of LEPAGE (1973b), the proof of theorem

1 still holds and consequently, the result follows. []

ASYMPTOTIC EFFICIENCY

Let Ug represent the asymptotically maximin most powerful test of

ieorem 4.1 and consider the tests based on Uv given by (2.7) with criti-

1 region Uv > XZ,a'
eorem 5.1. Consider testing H  versus q gitven by (2.1) with f ¢ C, and

ppose that for k=1,2, the sequence of score functions avk(-),v = 1,2,.00,
generated by ¢k(u), 0 < u < 1, with relation (3.1) satisfied. Then, if
# 0 and min(mv,nv) > o when v > «», the asymptotic efficiency of U,

lative to Ug, denoted e(Uv,Ug), 18 given by




1
(J ¢,k(u)(A2¢(u,f)+A]¢l(u,f))du)2

. 0, _ 0
. 1) e(Uv’Uv) =

| O~~1N

1
=1 - 2 2 2
(JO(¢k<u)-¢K) du) (A5T(E)+87T, (£))

:oof . It follows from theorem 3.2 that the asymptotic power of the test

ised on Uv is given by 1 - Fz(xg 0L,A%I(f)+A:12(f)). Thus, in view of re-
b ]
ittion (3.3) and ANDREWS (1954), the proof is complete. []

It should be noted that if ¢](u) = ¢(u,f1) and ¢2(u) = ¢1(u,f2),

<u <1, with f],f2 € C] and

1 1

1. 2) j ¢(u,f])¢](u,f)du = J ¢(U,f)¢](U,f2)dU =0,
0 0
le asymptotic efficiency given by (5.1) can be written as
o AI()e(f,,0)+ATT (Be (£,,0)
i.3) e(U\),U\)) = 2 2 ’
A]I(f)+AIII(f)
lere 1 1
(J b u,£))0 (u, £)dw)? ([ o, @0 01

_ 0 __'0

4D e(fl,f) = I(fl)I(f) and e](fz,f) Il(fz)Il(f)

rrespond, respectively to the asymptotic efficiency of the test based on

where the sequence of score functions avl(-),v =1,2,..., 1s generated

—

' ¢(u,f]), 0 < u< 1, relative to the asymptotically most powerful rank
st for contiguous location alternatives for a density f and to the asymp-
tic efficiency of the test based on sz where the sequence of score
nctions av2(~),v =1,2,..., is generated by ¢](u,f2), 0 <u < 1, relative
- the asymptotically most powerful rank test for contiguous scale alter-
tives for a density f (see HAJEK & SIDAK (1967),p.267-270).

Furthermore, from (5.3), it can be seen that for all (AI,AZ) e]RZ,

.5) min(e(f],f),el(fz,f)) < (UV,US) < max(e(fl,f),el(fzf)).
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